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Abstract 

In this paper we study a homothetic vector field of a Bianchi type- 
I model based on Lyra geometry. The cases when a displacement 
vector is function of t and when it is constant are considered. In both 
two cases we investigate the equation of state. A comparison between 
the obtained results, using Lyra geometry, and that have obtained 
previously in the context of General Relativity, based on Riemannian 
geometry, will be given. 
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1 Introduction 

The theme of symmetries of space-time is nearly as old as the outset of 
the theory of General Relativity. Symmetries play an important role in the 
study of space-time, because of their interest from both a geometric and a 
physical viewpoint. Symmetries have been studied in the theory of General 
Relativity based on Riemannian geometry and in the theory of teleparallel 
gravity based on the Weitzenbock geometry [1], In the theory of general 
relativity different kind of symmetries like isometry, homothetic, conformal, 
Ricci collineations and matter collineations have been extensively studied 
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[2]-[19]. Also some of them have been studied in the theory of teleparallel 
gravity, over the past few years [20]-[31]. 

In the context of Lyra geometry [32, 33], Gad and Alofi [34] discussed the ho- 
mothetic symmetry on plane symmetric Bianchi type-I cosmological model. 
They assumed that the displacement vector field is either function of the 
time coordinates t or it is constant and found the homothetic vector field in 
both two cases. They proved that this model is a generalization of the FRW 
model. They investigated the baratropic equation of state and showed that 
it is not satisfied as either the displacement vector is function of t or it is 
constant. 

In this paper, we will study the symmetries of Bianchi cosmological mod¬ 
els based on Lyra geometry, in particular the homothetic symmetry of a 
Bianchi type-I model relativistic cosmology. The reason for this is that this 
symmetry playing a dominant role in the dynamics of Bianchi cosmological 
models [35, 36]. 

The paper is organized as follows: In the next Section, we summarize some 
of the basic concepts of Lyra geometry, which will be used through this 
work. Section 3 deals with the model and evaluating the homothetic vector 
field. In Section 4, we discuss the matter collineations for the model under 
consideration and investigate the baratropic equation of state. Finally, in 
Section 5, concluding remarks are given. 

2 The Lie derivative and homothetic equation 

An n-dimensional Lyra manifold M is a generalization to the Riemannian 
manifold [32], For any point p E M we can define the coordinate sys¬ 
tem {ic #i }” =1 . In addition to these coordinates there exist a gauge function 
x° = x°(x ,J ')™ =l , which together with {x^}™ =1 forms the so called a refer¬ 
ence system transformation (x°, x' /J )” =1 . In Lyra geometry the metric or the 
measure of length of displacement vector Q l = x°dx 11 between two points 
p(x M )" (=1 and is given by absolute invariant under both gauge 

function and coordinate system 

ds 2 = g^ w x°dx fJ 'x°dx l/ , 

where g^ u is a metric tensor as in Riemannian geometry. 

In Lyra geometry, a generalized affine connection characterized not only by 
the Riemannian connection, { y }, but also by a function f/) /t , which arises 
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through gauge transformation, and it is given by 

r% = (xT 1 ! %,} + + sth - 9 ^ a ), (2.i) 

where (j> is called a displacement vector held and satishes (f> a = g a P(j)p. We 
consider (f> to be a timelike vector, where 


^ = (£(*), 0 , 0 , 0 ). 


( 2 . 2 ) 


The covariant derivative for a vector held rj can be defined as follows 

+ Y\ ia rf\ 

- r%f? a . 


where TJ IV is a Lyra connection given by equation (2.1). 

For a covariant tensor of second rank the covariant derivative is 

^pQ lw = —Q^p — r p V Qfio — t ppQ ow 

The Lyra connection is metric preserving: 

^ v9afj = ~9a/3,v ~ gapF^fh, ~ 9pf>£ P = 0 - 


(2.4) 


(2.5) 


In Riemannian geometry, the Lie derivative of any tensor with respect to 
a vector held can be expressed through the covariant derivative of that 
tensor and the vector held. With this consideration, the definition of the 
Lie derivative of this tensor in Lyra geometry is 


£r)Qpv — (VpQpv)ri p + (VX) Qpu + {V v rf) Qp P , (2.6) 

where V is the covariant derivative as defined in (2.4). 

Inserting equation (2.4) into the above equation, we get 

£f)Qpv = V P {—Qpv,p — r^pvQpa — £p p Qa v) + Qpvi — rfp + £ P pa 7 l a ) 

+Q p.p(—^rfv + ( 2 - 7 ) 

From equation (2.6), using (2.5), if Q pu = g lw , we have 

£rj9p,v = g P v^pV P T 9p,p^vV P - 
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As in Riemannian geometry if 


£(9p v — 9pv^ fiC p + Qp.p'J vC, p — QipSuvi ( 2 - 8 ) 

where fi is a constant, then £ is called homothetic vector field and the above 
equation is called homothetic equation. It is worth mention here if ip = 0, 
then equation (2.8) is called Killing equation and £ is called a Killing vector 
field. 

3 The model and homothetic vector field 

A Bianchi type-I cosmological model of the Universe attracted considerable 
attention in the relativistic cosmology literature. It may be due to the fact 
that the model is the straightforward generalization of the flat Friedman- 
Robertson-Walker (FRW) model. It is also one of the simplest models of 
the anisotropic Universe that describes a homogeneous and spatially flat 
Universe. Moreover, This space-time has a different scale factor in each 
direction, thereby introducing an isotropic to the system, unlike the FRW 
space-time which has the same scale factor for each of the three spacial 
directions. 

We consider Bianchi type-I metric in the form: 

ds 2 = dt 2 — A 2 (t)dx 2 — B 2 (x,t)dy 2 — C 2 (x,t)dz 2 , (3.1) 

with the convention (x° = t, x 1 = x, x 2 = y, x 3 = z), A is a function of t 
only and B and C are functions of x and t. 

For a vector field £ = £ M (t, x, y, z)* =1 , the homothetic equations (2.8) for 
the model (3.1), using (2.1) and apart from the factor i.e., we choose the 
normal gauge x° = 1, are reduced to the following system of equations: 


C, 1 i + ( ^ + ^ ) £° = ^, 

(3.2) 

A,2 + s 2 £ 2 i = o, 

(3.3) 

A 2 £ i 1 3 + C 2 £ 3 1 = 0) 

(3.4) 

hO 

1 

to 

o 1-1 

II 

o 

(3.5) 

cl + + (§ + 5-9) C° = <9, 

(3.6) 
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B 2 Cj + C 2 C 3 2 = 0, (3.7) 

C°2 - ^ 2 C,o = 0, (3.8) 

c 3 3 + ^c 1 + (§ + ^ (3.9) 

C°3 - C 2 C 3 o = 0, (3.10) 

C°o + ^C 0 = y>. (3- 11 ) 

Solving equation (3.11) and using the result back into equations (3.5), (3.8) 
and (3.10), we get 

c° = [$J es/^di + cole-s/^*, (3.12) 

C 1 = Fi(x,y, z), 

C 2 = F 2 {x,y,z), 

C 3 = F 3 (x,y,z), 


where cq is a constant of integration and F\ (x, y, z), F 2 (x, y, z) and F 3 (x, y, z) 
are arbitrary functions which are to be determined. 

Differentiating (3.2) with respect to t and using (3.11) and (3.12), we have 

4 + -/? =-rr---rr-- (3-13) 

A 2 tyfezfWdt + coje-zfP* 

where a is a constant of integration. Substituting this result back into (3.2), 
using equations (3.3) and (3.4), gives 

C 1 = (ip - a)x + ci, (3-14) 

where ci is a constant of integration. 

Using the above results, we find from equations (3.3), (3.4) and (3.7) that 
( 2 depends only on y and ( 3 depends only on z. Consequently, we get from 
equations (3.6) and (3.9) that 

B(x, t ) = C(x, t), 

C 2 = V’y + c 2 , 

C, 3 = ipz + c 3 , 
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(3.15) 

(3.16) 

(3.17) 



where C 2 and C 3 are constants of integrations. 

Without loss of generality, we assume that Co = c\ = C 2 = C 3 = 0, there¬ 
fore, from equations (3.12), (3.14), (3.16) and (3.17) we obtain the following 
homothetic vector field 

C = {[i> J e 2 S^ dt dt]e~^ fP dt ) d t + (i> - a)xd x + ifyd y + ifzd z . (3.18) 

All the above considerations lead to the following theorem: 

Theorem 3.1 In Lyra geometry, if a displacement vector is function of t, 
that is, (3 = /3(t), a Bianchi type-I space-time described by metric (3.1) 
admits the homothetic vector field (3.18) if 

B(x, t ) = C(x , t ), 

A l a 

A + 2 liffe^f^dtje-^f^’ 

and 

(ip~a)xB" + {if-a)B' + {B' + lpB')([if> J S pdt dt]e~^ S pdt ) = 0 . (3.19) 

proof: 

From the above calculations, putting Co = 0 in (3.12), the first and second 
relations are satisfied. Inserting the components of the homothetic vector 
field into (3.9), using the second relation, and differentiating the result with 
respect to x , we obtain the relation (3.19). 

Now we discuss the case when the displacement vector is constant, that is, 
f3 = constant. 

From equation (3.12), we have 

C° = + co)e“3^. 

Hence in this case, putting Co = 0 in (3.12), the homothetic vector field is 

C = ^-dt + (fj - a)xd x + ifydy-\-ifzd z . (3.20) 

Also, from equation (3.13), we have 

A 1 a 

A 2 


6 



Integrating this equation, we get 


A(t) = a 0 (ye^ t )*e-^ t , (3.21) 

where ao is a constant of integration. 

Due to the previous considerations we can state the following: 

Theorem 3.2 In Lyra geometry, if a displacement vector is constant, a 
Bianchi type-1 space-time described by metric (3.1) admits the homothetic 
vector field (3.20) if 

B(x, t ) = C(x, t ), 

^) = «o(ye^)t e -^, 

and 

- a)xB" + - a)B' + {& + -/^((^e^e - *^) = 0.. 

2 p 

It is interesting to note that, if one consider the particular class of models 
(3.1) for which the scale factors B(t,x) and C(t,x ) are functions of t only, 
this allow us to compare our results with that obtained in the theory of 
General Relativity. In this case and after a straightforward calculations, 
using the above procedure for finding the components of the homothetic 
vector field, we get 

1. The components and i) 1 of the homothetic vector field are the same 
as given, respectively, in equations (3.12) and (3.14). 


2. From equations (3.6) and (3.9), we get, respectively 

C 2 = (il>-b)y + h, (3.22) 

C 3 = (V> - d)z + d\, (3.23) 

where b\ and d\ are constants of integration and the constants b and 
d are given from the following relations, after using equations (3.12) 
and (3.14) in equations (3.6) and (3.9) 


B l _ b _ 

B + 2 ~ [fifeU^dt + coje-U ^ 1 

C 1 = _ d _ 

C ' + 2 _ [iffe^f^dt + coje-yW 
We note that in this case B(t) C(t). 


(3.24) 

(3.25) 
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From equations (3.12), (3.14), (3.22) and (3.23), putting Co = c\ = b\ = 
d\ = 0, we obtain the following homothetic vector field 

C = [ip J P dt dt]e~z$ P dt dt-\-(if—a)xd x +(if—b)yd y -\-(if-d)zd z . (3.26) 

Putting a = b = d in equations (3.13) , (3.24) and (3.25), by integrating 
them and equally between the integration constants, we get 


A(t) = B(t ) = C(t) = a 0 exp( / ( 


—- P)dt). (3.27) 

[: $fevf f,dt dt]e-*f f,dt 2 


Now the following result has been established: 


Theorem 3.3 In Lyra geometry, if a displacement vector is function of t, 
a Bianchi type-I space-time with scalar factors are functions of t only, is a 
FRW cosmological model with scalar factor behaves as 



2 a 

tyfeifWdtle-vfP* 


j3)dt). 


In the case f3= constant, the above homothetic vector field becomes 

C = -jj- dt + (if - a)xd x + (if - b)ydy + {if - d)zd z . (3.28) 
Integrating the relations (3.24) and (3.25), we get, respectively 

B(t ) = 6 0 (y + c 0 )t e -^,, (3.29) 

C(t) = do(ye^ + Co )te-^,, (3.30) 

where the non-zero constants bo and do are constants of integration. 

As in the above theorem the following result has been established: 


Theorem 3.4 In Lyra geometry, if a displacement vector is constant, a 
Bianchi type-I space-time with scalar factors are functions of t only, is a 
FRW cosmological model with scalar factor behaves as follows 

AW) = B\t) = C\t) = a + c„)Te-'» 
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To compare our results with that obtained in the theory of General Rela¬ 
tivity based on Riemannian geometry, we put (3 = 0 and assume ip = 1 for 
simplicity. From theorem (3.1), (3 = (3(t ), the homothetic vector becomes 

C = t d t + (1 - a)x d x + y d y + z d z , 

but from theorem (3.2), (3 =const., we can not compare the results with 
that obtained in the theory of General Relativity, because in this case the 
component <C° tends to infinity when (3 = 0. 

From theorem (3.3), (3 = (3(t) and the scalars factors are functions of t only, 
the homothetic vector field takes the following form 

C = td t + (1 — a)xd x + (1 - b)yd y + (1 - d)zd z , (3.31) 

and from equations (3.13), (3.29) and (3.30), the scale factors behave as 
follows 

A(t) = a 0 t a , (3.32) 

B(t) = b 0 t\ (3.33) 

C(t) = d 0 t d . (3.34) 

Now we conclude that the homothetic vector field given by (3.31) and with 
the above constrains on the scalar factors is the same as obtained in the 
theory of General Relativity [37, 38]. 

From theorem (3.4), (3 = const., when we assume that (3 = 0 due to both 
() 0 and the scalar factors tend to infinity. Therefore, in this case we can 
not compare the results obtained using Lyra geometry with that obtained 
in General Relativity using Riemannian geometry. 

4 Matter collineation 

In recent years, much interest has been shown in the study of matter collineations 
(MCs) (see for instance [39], [40], [41], [42]) 

A vector field along which the Lie derivative of energy-momentum tensor 
vanishes is called an MC, that is 

£x Tnu = 0, 

where X is the symmetry or collineation vector. Also, assuming the Ein¬ 
stein’s field equations, a vector X generates an MC if £xG^ w = 0. 
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It is obvious that the symmetries of the metric tensor (isometries) are also 
symmetries of the Einstein tensor G fll ,, but this is not necessarily the case 
for the symmetries of the Ricci tensor (Ricci collineations) which are not, in 
general, symmetries of the Einstein tensor. 

If X is a Killing vector (or a homothetic vector) then £x T^ v = 0, thus 
every isometry is also an MC but converse is not true, in general. 

In the theory of General Relativity Cahill and Taub [7] and Bicknell and 
Henriksen [15] (see also [43]) pointed out, if the matter field is a perfect 
fluid, then the only baratropic equation of state which is compatible with 
self-similarity (characterized by the existence of homothetic vector field) is 
of the form 

P = kp, (4.1) 

where p is the total energy density, p is the pressure and k is a constant in the 
range 0 < k < 1. This equation of state is nevertheless physically consistent 
in the whole range of k. When k = 0 , the above equation describes dust 
and k = 1/3 gives the equation of state for radiation. 

It is of interesting to assume that the matter of held in space-time under 
consideration is represented by a perfect fluid, that is, the energy-momentum 
tensor is defined by 

= {p + p)Ufj,u v - pg^u, (4.2) 

where, for the space-time (3.1), = (1,0,0,0), = 1, is the four- 

velocity vector held. This allows us to compare our results with that the 
results obtained previously in the theory of General Relativity. 

Using the components of the homothetic vector (3.18) in the definition of 
Lie derivative (2.7) for the energy-momentum tensor, T /IV , (4.2), then for the 
space-time (3.1) the equation T ltu = 0, reduces to the following equations 

C%0,0 + C^oo.i + 2 TooC,o = 0 ) 

C°T lli0 + C'Tii,! + 2 THC, 1 ! = 0, 

C°T 2 2,0 + C 1 ^,! + 2 T 22 C 2 2 = 0, 1 J 

C°-^ 33,0 + C 1 ^ 33 ,l + 2733(3 = 0 - 


Now, we assume that both the pressure and density for the space-time under 
consideration are functions of t only. Therefore, for the space-time (3.1), the 
first equation in (4.3), using equations (4.2) and (3.12) and assuming co = 0, 
reduces to 


_ n _ 


(4.4) 
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where r\ is a constant of integration. 

From the second equation of the system (4.3), taking into account equation 
(3.12), we have 


p = r 2 exp (J (- 


(2ip — a) 


[y> J e^f P dt dt]e-^f pdt 


+ \p)dt). 


(4.5) 


where r 2 is a constant of integration. 

From the third equation of the system (4.3), using equation (3.6), we get 


p = r 3 exp 


(- T7 - ~ -T7-h \:/3)dt), 

[V> f e s/ fidt dt]e~S P dt 2 


(4.6) 


where r 3 is a constant of integration. 

Assuming r 2 = r%, equations (4.5) and (4.6) imply that a = 0. Consequently, 
a homothetic vector which is an MC vector, using theorem (3.1) has the 
following form 


C = (bP J e 2 -f l3dt dt]e 2 fP dt ) d t + ipxd x + ipyd y + ipzd z . (4.7) 
In this case 

A(t) = a o e-^f 0dt . 

From equations (4.4) and (4.6) it is not easy to find relation between p and 
p. therefore, we have the following interesting result: 

In Lyra geometry, if a displacement vector is function of t, then the barat- 
ropic equation of state (4.1) is not satisfied, in contrast of General Relativity. 
Now, we discuss the case when the displacement vector is constant, that is, 
P = constant, in this case the density and the pressure, respectively, are 


_ G/3 2 

^ 4:lp 2 ’ 

p = r 2 e~2 /3t , (4.9) 

It is not easy to find relation between p and p from (4.8) and (4.9). There¬ 
fore, the baratropic equation of state can not be satisfied in the case when 
P = const. 

Now, we conclude that when we study the space-time using Lyra geometry, 
so the equation of state is not satisfied, whether the displacement vector is 
function in time or it is constant. 
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Now, we will compare our results with that obtained in the theory of 
General Relativity, to do this, we put (3 = 0 and assume ip = 1 , for simplicity. 
In the case when (3 = (3(t), from equations (4.4) and (4.6), the density and 
pressure take, respectively, the following forms 

p=^, (4.10) 

P=%- ( 4 - 11 ) 

To satisfy the equation of state (4.1), we put ^ = k in the above equations, 
that is, for the space-time under consideration the baratropic equation of 
state is satisfied in the theory of General Relativity. 

We note that in the case when (3 = const., from equation (4.8), the density p 
tends to zero. This is contrary to the assumption that the space-time (3.1) 
is represented by a perfect fluid. Therefore, in this case we can not compare 
our results with that obtained in the theory of General Relativity. 

5 Discussion and conclusion 

This work is devoted to studying the symmetries, in particular homothetic 
symmetry, of a Bianchi type-I space-time in the framework of Lyra geometry. 
We have focussed in this kind of symmetries since a space-time admitting 
it is stable from the dynamical system point and therefore is in important 
from the physical one. For a Bianchi type-I space-time, we have obtained 
the homothetic vector field in the context of Lyra geometry, by assuming 
that the displacement vector field is either function of the coordinate t or it 
is constant. In these two cases, we have proved that a Bianchi type-I model 
is a generalization of the FRW model, this result agrees with that obtained 
in the theory of General Relativity. In this paper, we have classified the 
space-time (3.1) according to admitting a homothetic vector field. Moreover, 
we have explained the matter collineation symmetry, by assuming that the 
matter field is represented by perfect fluid. This allowed us to obtained the 
homothetic vector field which is a matter collineation vector field, and gave 
the possibility to investigate the baratropic equation of state (4.1). In the 
context of Lyra geometry, we found that this equation is not satisfied either a 
displacement vector is function of t or it is constant. The only classifications 
of the space-time under consideration which lead to satisfy the baratropic 
equation of state in the General Relativity, by assuming (3 = 0, are the 
solutions for which a displacement vector field is function of t. This work 
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can be extended to other space-times to make a comparison of symmetries 
of cosmological models in the framework of Lyra geometry and in the theory 
of General Relativity. 


Acknowledgments 

This work was funded by the Deanship of Scientific Research (DSR), King 
Abdulaziz University, Jeddah, under grant No. (965-017-D1434). The au¬ 
thor, therefore, acknowledge with thanks DSR technical and financial sup¬ 
port. 


References 

[1] Weitzenbock R., Invariantentheorie, Noordho?, Groningen (1923). 

[ 2 ] Hall G. S., Symmetries and Curvature Structure in General Relativity, 
World Scientific, 2004. 

[3] Stephani H., Kramer D., MacCallum M. A. H., Hoenselears C. and 
Herlt E., Exact Solutions of Einstein’s Field Equations, Cambridge Uni¬ 
versity Press, (2003). 

[4] Shabbir G. and Mehmood A. B. , Mod. Phys. Lett. A, 22, 807 (2007). 

[5] Hall G. S., Grav. Cosmol., 2, 270 (1996). 

[ 6 ] Hall G. S. , Gen. Rel. Grav., 30, 1099 (1998). 

[7] Cahill M. E. and Taub A. H., Commun. Math. Phys., 21, 1 (1971). 

[ 8 ] Eardley D. M., Commun. Math. Phys., 37, 287 (1974). 

[9] Eardley D. M., Phys. Rev. Lett., 33, 442 (1974). 

[10] Carter B. and Henriksen R. N., J. Math. Phys., 32, 2580 (1991). 

[11] Sintes A. M., Benotit P. M. and Coley A. A., Gen. Rel. Grav., 33, 1863 

( 2001 ). 

[12] Wainwright J., Gen. Rel. Grav., 32, 1041 (2000). 

[13] Wesson P. S., J. Math. Phys., 19, 2283 (1978). 


13 



[14] Collins M. E. and Lang J. M., Class. Quantum Grav., 4, 61 (1987). 

[15] Sussman R. A., J. Math. Phys., 32, 223 (1991). 

[16] Barreto W., Ovalle J. and Rodriguez B., Gen. Rel. Grav., 30, 15 (1998). 

[17] Gad R. M., II Nuovo Cimento B, 11, 533 (2002). 

[18] Gad R. M., II Nuovo Cimento B, 124, 61 (2009). 

[19] Gad R. M. and Hassan M. M., II Nuovo Cimento B, 12, 759 (2003). 

[20] Sharif M. and Majeed B., conunun. Theor. Phys. bf52, 435 (2009). 

[21] Shabbir G. and Khan S., Mod. Phys. Lett. A, 25, 55 (2010). 

[22] Shabbir G and Khan S., Mod. Phys. Lett. A, 25, 525 (2010). 

[23] Shabbir G. and Khan S., Mod. Phys. Lett. A, 25, 1733 (2010). 

[24] Shabbir G. and Khan S., Conunun. Theor. Phys., 54, 469 (2010). 

[25] Shabbir G. and Khan S. and Ali A., Conunun. Theor. Phys., 55, 268 

( 2011 ). 

[26] Sharif M. and Amir M. J., Mod. Phys. Lett. A, 23, 963 (2008). 

[27] Shabbir G. and Khan S., Rom. J. Phys, 57, 571 (2012). 

[28] Shabbir G., Khan A., Khan S., Inter. J. Theor. Phys, 52, 1182 (2013). 

[29] Khan S., Hussain T., Khan A., Rom. J. Phys. 59, 488 (2014). 

[30] Khan S., Hussain T., Khan A., Euro. Phys. J. plus, 129, 1 (2014). 

[31] Shabbir G., Ali A. and Khan S., Chin. Phys. B, 20, 070401 (2011). 

[32] Lyra G. , Math. Z., 54, 52 (1951). 

[33] Scheibe E., Math. Z., 57, 65 (1952). 

[34] Gad R. M. and Alofi A.S., Mod. Phys. Lett. A, 22, 1450116 (2014). 

[35] Rosquist, R and Jantzen R., Class. Quantum Gravity 2, L129 (1985). 

[36] Coly, A. A., Dynamical System and Cosmology, Kluwer Academic, Dor- 
drech (2003). 


14 



[37] Belinchon, J. A., Cent. Eur. J. Phys. 10, 789 (2012). 

[38] Belinchon, J. A., Astrophys. Space Sci. 346, 237 (2013). 

[39] Sharif M., Nuovo Cimento B 116, 673 (2001). 

[40] Sharif M., Astrophys. Space Sci. 278, 447 (2001). 

[41] Sharif M., Int. J. Mod. Phys. D 14, 1675 (2005). 

[42] Tsamparlis M. and Apostolopoulos P. S., Gen. Relativ. Gravit., 36, 47 
(2004). 

[43] Ori A. and Piran T., Phys. Rev. D, 42, 1068 (1990). 


15 



